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We continue the work of hep-th/0503024 in which gravity is considered as the Goldstone realization
of a spontaneously broken diffeomorphism group. We complete the discussion of the coset space
Diff (d,R)/SO(1, d − 1) formed by the d-dimensional group of analytic diffeomorphisms and the
Lorentz group. We find that this coset space is parameterized by coordinates, a metric and an
infinite tower of higher-spin-like or generalized connections. We then study effective actions for
the corresponding symmetry breaking which gives mass to the higher spin connections. Our model
predicts that gravity is modified at high energies by the exchange of massive higher spin particles.
PACS numbers: 04.50.+h
I. INTRODUCTION
Gauge field theories have a long and successful history
in elementary particle physics. As it is generally known,
the starting point for gauging is the experimental obser-
vation of a conserved charge which, via Noether’s the-
orem, is related to a rigid symmetry. In particular, a
conserved energy-momentum current corresponds to the
invariance under global space-time translations. Since
energy-momentum is the source of gravity, one expects
the gravitational interaction to emerge from gauging the
global translational symmetry. Indeed, general relativ-
ity (GR) can be derived by gauging the translational
group as was first conclusively shown in [1]. The gauge
status of gravity remains however rather subtle, see e.g.
[2, 3, 4, 5, 6] and many references therein.
In this paper we adopt the view that gauge theo-
ries of gravity describe only the low-energy effective, i.e.
massless degrees of freedom of a more general gravita-
tional theory featuring a spontaneously broken space-
time symmetry. This view is based on a theorem in [7]
which states that the gauge theory associated with a local
group Gloc can be obtained by the nonlinear realization
of the corresponding infinite-parameter group G with the
Poincare´ group H being the vacuum stability group. The
Minkowski metric ηij is assumed to be given from the be-
ginning. Mechanisms for the selection of the signature of
the metric have been proposed in [8, 9].
Let us illustrate the theorem for the case in which Gloc
is the local translational group T (d) in d dimensions.
By construction, the group T (d) is locally isomorphic to
the infinite-parameter group Diff (d,R) of analytic diffeo-
morphisms [10]. Then, according to the theorem of [7],
the (simplest) gauge theory of the translational group
Gloc = T (d), general relativity, can be derived by nonlin-
early realizing G = Diff (d,R).
The key observation in the proof of this theorem is
that the gauge potential of Gloc, here the tetrad e
j
i , can
be identified with a parameter of the coset space G/H .
In fact, applying the nonlinear realization method [11]
adapted to space-time groups [12, 13, 14, 15], one finds
that G/H is parametrized by the field hij and an infi-
nite tower of fields (s)ωij1...jsk (s > 1). The exponential
of hij , e
i
j ≡ (eh)ij , transforms exactly as a tetrad [13].
The translational gauge potential thus arises as one of
the Goldstone fields of a spontaneously broken diffeo-
morphism invariance.
This was first explicitly shown by Borisov and Ogievet-
sky [16]. These authors used the fact that the infinite-
dimensional algebra of analytic diffeomorphisms can be
represented as the closure of two finite-dimensional al-
gebras [10]. This splitting, however, impeded the dis-
cussion of the remaining Goldstone fields (s)ω. It was
pointed out later in [7] that the fields (s)ω may acquire
mass through a Higgs effect, leaving the tetrads as the
only massless degrees of freedom. Since gauging transla-
tions only provides the tetrads but not the massive fields
(s)ω, the gauge principle leads to the correct low-energy
effective theory, at least as long as the masses of (s)ω are
high enough. However, if one takes the idea of a sponta-
neously broken diffeomorphism invariance seriously, the
gravitational interaction will be modified at high energies
by the exchange of massive fields (s)ω.
This paper is devoted to the study of these coset fields
and the construction of a spontaneous symmetry break-
ing mechanism [17] for the diffeomorphism group. (For
brevity, we will refer to it as “Higgs mechanism”, al-
though this terminology is unfair, see Refs. [17].) To
gain some insight into this Higgs mechanism, we first
complete the nonlinear realization of Diff (d,R) studied
in [16, 18, 19] by providing the complete transformation
laws for all coset fields of Diff (d,R)/SO(1, d − 1). We
find that the fields (s)ω naturally generalize the concept
of a linear connection; the transformation law is inho-
mogeneous and contains the s + 1th derivative of the
diffeomorphism parameter εi(x).
The nonlinear realization will also provide gauge trans-
2formations of the (linearized) form
(1)ω′ijk =
(1)ωijk − ∂khij , (1)
(s)ω′ij1...jsk =
(s)ωij1...jsk − ∂k(s-1)ωij1...js (s > 2) , (2)
which show a mutual absorption of the Goldstone fields
(s)ωij1...jsk and hij . The generalized connection
(s)ω of
level s eats the connection (s-1)ω of level s− 1, while the
ordinary connection (1)ωijk absorbs the metric hij . This
will give mass to each of the generalized connections (s)ω
(s > 2) and (1)ω(ij)k. As the field with the lowest spin in
the coset space, the metric remains massless.
In the second part of the paper we model the gravita-
tional Higgs mechanism by concrete actions. We restrict
here to find actions for the lowest two absorption pro-
cesses given by Eqs. (1) and (2) for s = 1, 2. We con-
sider these models as describing only a part of the full
Higgs mechanism for the complete diffeomorphism group
which, in full generality, appears to be quite complex.
The first model we present describes the breaking of
the linear group GL(d,R) ⊂ Diff (d,R) down to the
Lorentz group SO(1, d − 1). Here we assume that the
generalized connections (s)ω with s > 2 have already been
decoupled and we are left with a massless linear connec-
tion (1)ωijk of an effective affine space-time. The breaking
of the tangential group GL(d,R) will then be induced by
the introduction of the metric as a Higgs field. This in-
volves the absorption process (1) by which the symmetric
part (1)ω′(ij)k of the connection acquires mass.
The model is largely based on that given in [19]. There
are two essential improvements: i) We explicitly show
that the Higgs mechanism leads to a massive spin-3
field associated with the totally symmetric field (1)ω′(ijk).
ii) The field which was introduced in [19] as a kind
of gravitational analog to the (so-called) Higgs particle
plays now the role of an auxiliary field in the Singh-Hagen
formulation [20] of the massive spin-3 field. We therefore
do not predict a new Higgs particle.
The second model describes the absorption process (2)
for s = 2 by means of which the field (2)ω′ij1j2k becomes
massive. The model is along the lines of the so-called
“telescopic Higgs effect” (see [21] and references therein),
more recently also known as “La Grande Bouffe” [22].
Here we aim at the more modest goal of constructing the
Stu¨ckelberg Lagrangian for the massive field (2)ω′ij1j2k.
In the last part of the paper, we discuss a possible rela-
tion between the coset fields (s)ω and higher spin connec-
tions as first introduced in the gauge formalism of higher
spin fields in [23]. Note that a relation between the lat-
ter formalism and the nonlinear realization approach was
recently pointed out in [24]. We also show that a space
endowed with generalized connections satisfies the strong
equivalence principle and is equivalent to a space-time
with a velocity-dependent affine connection.
The paper is organized as follows. In section II we
study the coset space Diff (d,R)/SO(1, d − 1) by means
of the nonlinear realization approach [11]. We also dis-
cuss the double role of Goldstone fields in gravity as
absorber fields and fields which get absorbed by other
Goldstone fields. In section III we construct Higgs mod-
els which lead to a ultraviolet modification of general
relativity. In section IV we discuss a possible link be-
tween the generalized connections (s)ω and higher spin
connections known from the literature. We also discuss
the geometrical structure of a space-time equipped with
generalized connections. We conclude in section V with
some final remarks and open questions.
II. NONLINEAR REALIZATION OF THE
ANALYTIC DIFFEOMORPHISM GROUP
In this section we consider the (left) coset space
Diff (d,R)/SO(1, d − 1) formed by the d-dimensional
group of analytic diffeomorphisms Diff (d,R) and its sta-
bilizing Lorentz subgroup SO(1, d − 1). We show that
the coset space is parametrized by a coordinate field, a
metric and an infinite tower of generalized connections.
A. Review on the diffeomorphism algebra
We begin by briefly reviewing the algebra of analytic
diffeomorphisms. The diffeomorphism algebra is gen-
erated by an infinite tower of generators F
(m)
i
j1...jm+1
(m = −1, ...,∞) which are symmetric in the m + 1
upper indices. The lowest generators are the transla-
tions Pi ≡ F (−1)i and the generators of the linear group
Li
j ≡ F (0)i j . Generators F (m)i j1...jm+1 with m > 1 gener-
ate nonlinear transformations.
The corresponding diffeomorphism algebra diff (d,R)
is given by the commutation relations
[F
(n)
k
i1...in+1, F
(m)
l
j1...jm+1 ] =
= i
m+1∑
a=1
δjak F
(m+n)
l
i1...in+1j1...jˆa...jm+1
− i
n+1∑
a=1
δial F
(m+n)
k
i1...ˆia...in+1j1...jm+1 , (3)
where indices with a hat are omitted. We easily identify
the Lorentz (sub-)algebra
[Mij ,Mkl] = iηj[kMl]i − iηi[kMj]l , (4)
with Lorentz generators Mij ≡ L[ikηj]k = F (0)[i kηj]k. We
denote complete strength-one antisymmetrization on in-
dices by using square brackets, while complete strength
one symmetrization is denoted by curved brackets. For
example, F
(0)
[i
kηj]k ≡ 12 (F
(0)
i
kηjk − F (0)j kηik) .
3B. The coset space Diff (d,R)/SO(1, d− 1) and
generalized connections
The coset space G/H = Diff (d,R)/SO(1, d − 1) is
parametrized by the fields ξi (d parameters), hij (d(d +
1)/2 parameters) and an infinite set of fields (s)ωij1...jsk
(s > 1), each with
d
(
d+ s
s+ 1
)
(5)
components. These fields are associated with broken
translations Pi, shear transformations and dilations Tij =
L(ij), and generators F
(s)
i
j1...jsk (s > 1), respectively.
As was shown in [18, 19] the parameters ξi transform
as coordinates under the diffeomorphism group,
δξi = εi(ξ) , (6)
with εi(ξ) the parameters of Diff (d,R). As explained
in detail in [19], the breaking of translations makes the
parameters of Diff (d,R) dependent on the coordinates
ξi and turns the coset parameters into space-time de-
pendent fields. For a recent discussion on the tight link
between the coset fields ξi and space-time coordinates,
see [5].
The transformation behavior of the coset field hij(ξ)
has been known since the very first publications on non-
linear realizations of space-time groups [12, 16]. It is
usually given for the exponential
e ij ≡ (eh)ij = δij + hij + hikhkj/2 + . . . (7)
which transforms as a tetrad [16]. From now on we will
be using Greek indices for the Minkowski metric ηαβ and
define a space-time metric, as usual, by
gij = ei
αej
βηαβ . (8)
Finally, the field ωijk(ξ) associated with F
(1)
i
jk was
shown to transform as a linear connection under the dif-
feomorphism group [18, 19],
δωijk =
∂εi
∂ξm
ωmjk − 2∂ε
m
∂ξ(j
ωik)m +
1
2
∂2εi
∂ξj∂ξk
. (9)
Since ωijk is symmetric in the indices j and k, there is
no torsion.
So far not much attention has been paid to the fields
(s)ωij1...jsk associated with the nonlinear generators F
(s)
with s > 1. These fields are completely symmetric in the
lower s+ 1 indices, which is ultimately a consequence of
the assumed commutativity of the coordinates of Rd [19].
Using the general nonlinear realization technique [11,
12, 13, 14, 15, 16], in App. A we compute the infinitesimal
transformation law for the fields (s)ωij1...jsk. We obtain
δε
(s)ωij1...jsk = ε
i
m
(s)ωmj1...jsk − (s+ 1)εm(j1 (s)ωij2...jsk)m
+ εij1...jsk +O((s-1)ω) , (10)
with
εij1...js =
1
s!
∂sεi
∂ξj1 · · · ∂ξjs , (11)
which generalizes Eq. (9) (s = 1) to arbitrary values of s.
The l.h.s. of Eq. (10) is defined to be δε
(s)ωij1...jsk =
(s)ω′
i
j1...jsk(ξ
′)−(s)ωij1...jsk(ξ). We identify Eq. (10) with
the transformation behavior of a generalized connection:
The first line in Eq. (10) is the tensor part of the trans-
formation, while the first term in the second line shows
the inhomogeneity which contains the s+ 1th derivative
of the diffeomorphism parameter εi(ξ) [18]. The finite
form of the transformation law is given by
(s)ω′ij1...jsk =
∂ξ′i
∂ξm
∂ξl1
∂ξ′j1
· · · ∂ξ
ls
∂ξ′js
∂ξn
∂ξ′k
(s)ωml1...lsn (12)
− ∂ξ
l1
∂ξ′j1
· · · ∂ξ
ls
∂ξ′js
∂ξn
∂ξ′k
∂s+1ξ′i
∂ξl1 · · ·∂ξls∂ξn +O(
(s-1)ω) .
Upon substituting ξ′i = ξi + εi(ξ) with εi(ξ) small into
(12) and redefining (s)ω → −(s + 1)!(s)ω, we regain the
infinitesimal transformation (10).
A new feature of the generalized connections is the
occurrence of additional terms in the transformation
law (10) which are summarized in O((s-1)ω). By using
a convenient bracket notation, in App. A we give an al-
gorithm to compute the complete transformation δ(s)ω in-
cluding all terms inO((s-1)ω). In general, these terms con-
tain connections of lower spin. For instance, the trans-
formation law for the connection δ(2)ωij1j2k, Eq. (A13),
contains the term
2εil(j1ω
l
j2k) . (13)
This term involves the ordinary linear connection ωijk
which has one index less than (2)ωij1j2k. Generalized
connections mix and cannot be considered independently
from each other.
In App. C we decompose the fields (s)ωij1...jsk with
respect to the general linear group and determine their
spin content. We find that, unless further constraints are
imposed, these fields describe several states of different
spin, where the highest state possesses spin s + 2. For
instance, the highest component of a general linear con-
nection ωijk (s = 1) has spin 3, see e.g. [3].
1 This leads us
to the presumption that the generalized connections (s)ω
are related to higher spin connections. For the construc-
tion of actions, we will implicitly assume this relation.
We will come back to the possible link with higher spin
connections in Sec. IVA.
1 For a general linear connection ωijk, the totally symmetric com-
ponent ω(ijk) is non-vanishing. See [25] for recent works in
metric-affine theory of gravity, where exact solutions are built
that display a propagating spin-3 component of the linear con-
nection.
4broken symmetry generators geometrical field
translations Pi ≡ F
(−1)
i coordinates ξ
i
shears/dilations Tij ≡ F
(0)
(ij) metric gij
nonlinear F
(s)
i
j1...jsk (s > 1) gen. connections
transformations (s)ωij1...jsk
TABLE I: Goldstone fields parameterizing the infinite-
dimensional coset space Diff (d,R)/SO(1, d− 1).
In Tab. I we summarize the parameters of the coset
space G/H = Diff (d,R)/SO(1, d− 1) and give their geo-
metrical interpretation. We have shown that the fields ξi,
hij ,
(1)ωijk,
(2)ωijkl, etc. can be regarded as coordinates,
metric, and an infinite tower of generalized connections,
respectively. As we will see in Sec. III, most of these
Goldstone bosons become massive though and decouple
at low energies. Einstein gravity results as the appropri-
ate low-energy effective theory of gravity.
As in [19] we define the spacetime manifoldM as that
part of the coset space G/H which is spanned by the
(global) translations. This part is parameterized by the
coordinates ξi. If we wish to recover Einstein gravity at
low energies, we need to have local Poincare´ invariance in
the tangent space of the manifoldM. Local translational
invariance is ensured by the diffeomorphism invariance of
the manifold M, cf. Eq. (6).2 Local Lorentz invariance
is more subtle to see. Note that the vacuum stability
group H ⊂ Diff (d,R) is just the global Lorentz group.
However, in the present nonlinear realization the groupH
induces local Lorentz transformations: Recall that in the
transformation law for coset elements σ ∈ G/H [11, 12],
gσ(ξ) = σ(ξ′)h(ξ, g) , (14)
the elements h ∈ H depend nonlinearly on g ∈ G and the
coset parameters ξ. Since global translations are broken,
the group elements h depend in particular on the coor-
dinates ξi, ie. they are functions of ξi, h = h(ξi, ...). We
can thus perform an independent Lorentz transformation
at each spacetime point.
C. The total nonlinear connection
Let us now turn to the total nonlinear connection
one-form Γ which can be expanded in the generators of
G =Diff (d,R) as
Γ = iϑαPα + i
∞∑
s=1
(s)Γαβ1...βsF
(s−1)
α
β1...βs . (15)
2 G can be considered as a principal H-bundle over G/H, pi : G→
G/H. Recall from [19], Sec. IIIA that we gain local translational
invariance onM (i.e. on the base space G/H) at the expense of
loosing global translational invariance in the fiber.
In order to find the coefficients ϑα and Γαβ1...βs (s > 1),
we fix the stabilizing group to be H = SO(1, d− 1) such
that an element σ of the coset space G/H is parametrized
by
σ = eiξ
mPmeih
ijTijeiω
i
j1j2F
(1)
i
j1j2 · · ·
× ei(s)ωij1...js+1F (s)i j1...js+1 · · · . (16)
The coefficients of the total nonlinear connection Γ =
σ−1dσ are then given by the one-forms
ϑα = (e−1)k
αdξk , (17)
(1)Γαβ = (e
−1)k
αdekβ − 2ωαβγϑγ , (18)
(2)Γαβ1β2 = dω
α
β1β2 − 3ωαβ1β2γϑγ − ωδβ1β2ωαδγϑγ
+ 2ωαδ(β1ω
δ
β2)γϑ
γ + (e−1) αl de
l
γω
γ
β1β2 ,
− 2ωαγ(β1|(e−1)lγdel|β2) (19)
and for s > 3 by
(s)Γαβ1...βs = d
(s-1)ωαβ1...βs − (s+ 1) (s)ωαβ1...βsγϑγ
+O((s-1)ω2) . (20)
Here we used Latin (i, j, ...) and Greek (α, β, ...) letters
for holonomic and anholonomic (frame) indices, respec-
tively. O((s-1)ω2) denotes terms of quadratic order and
higher in (s-1)ω, (s-2)ω, ..., (1)ω. A general formula for the
coefficients (s)Γαβ1...βs is given to all orders by Eq. (B2) in
App. B. To evaluate Eq. (B2), one may use the bracket
notation introduced in App. A.
As spelled out in [19], the coefficients ϑα and (1)Γαβ
can be interpreted as the coframe and linear connection.
Linear connections can also be obtained by the gauging
of the linear group as first proposed in [26] and elabo-
rated on in Metric-Affine Gravity [3], see also [27]. We
observe that nonlinear realizations of Diff (d,R) provide
an alternative derivation of the linear connection.
Note that it is not possible in the nonlinear realization
approach to single out a single generalized connection
(or a finite number of such connections). Assume we
break only a single generator F (s) which gives rise to
a single connection (s)ω. Then, terms of higher order
would be absent in Eqs. (10) and (20). However, the
stabilizing subgroup H is not closed in this case, since
e.g. the commutator [F (s−1), F (1)] ends on F (s). The
nonlinear generators F (s) (s > 1) can thus only be broken
as a whole. This property is shared by the higher spin
algebras, see e.g. [28] and refs. therein.
D. Higgs phenomenon and double role of
Goldstone fields in gravity
For the following it is useful to recall the Higgs phe-
nomenon in elementary particle physics. For instance, in
U(1) gauge theory the gauge boson Aµ (spin 1) becomes
massive due to the absorption of a Goldstone scalar φ.
5Usually this is achieved by the U(1) gauge transforma-
tion
A′µ = Aµ + ∂µφ (21)
turning the Goldstone field φ into the longitudinal mode
of the massive gauge boson A′µ.
In the coset realization under consideration, the grav-
itational analog of Eq. (21) is given by the coefficients of
the total nonlinear connection Γ. Eqs. (18)–(20) can be
regarded as redefinitions of the generalized connections.
There are basically two absorption processes:
(I) s = 1: The ordinary spin connection (1)ωαβk ab-
sorbs the degrees of freedom of the tetrad eiα as
can be seen from Eq. (18). Since the tetrads are
related to the shear and dilation parameters, this
corresponds to the breaking of GL(d,R) down to
SO(1, d− 1).
(II) s > 1: The generalized connections (s)ω eat the
fields (s-1)ω as described by Eq. (20). The
connections (s-1)ω parameterize the coset space
Diff0(d,R)/GL(d,R), where Diff0(d,R) is the ho-
mogeneous part of the diffeomorphism group.
The absorption takes place in such a way that the fields
(s)Γαβ1...βs (s > 1) and
(1)Γ(αβ) (⊂ ΓG/H) turn into rank-
s+2 tensors, while (1)Γ[αβ] (= ΓH) remains a true con-
nection. Recall that the coset part ΓG/H of the total
connection transforms homogeneously under the diffeo-
morphism group, while ΓH is a true connection.
3
The coset fields (s)ω play a fascinating double role
at the absorption process as can be seen by linearizing
Eq. (20):
(s)Γαβ1...βsk = ∂k
(s-1)ωαβ1...βs − (s+ 1) (s)ωαβ1...βsk .
(22)
Here (s-1)ω behaves as a genuine Goldstone field which
gets absorbed by the field (s)ω. The same field plays
however a different role on the next lower level. Consid-
ering Eq. (22) for s − 1 instead of s, we see that (s-1)ω
itself absorbs (s-2)ω. In this aspect it resembles more the
characteristic behavior of a gauge boson.
The fact that in gravity Goldstone bosons can also take
over the role of absorber fields is related to the “inverse
Higgs effect” [29], see also [30] for a recent review. Gold-
stone’s theorem states that there is a massless mode for
each broken symmetry. However, since some of the Gold-
stone bosons can become massive for spontaneously bro-
ken space-time groups [12], the theorem gives only an up-
per bound on the number of massless Goldstone modes.
3 Note that, with G being Diff(d,R) and H being either GL(d,R)
or SO(1, d − 1), the commutator of a generator of G/H with
a generator of H is a linear combination of generators of G/H
(making G/H a reductive coset), which ensures that ΓG/H and
ΓH transform independently under G.
The standard example is the spontaneous breaking of
the conformal group SO(4, 2) down to the Poincare´ group
ISO(1, 3) [12, 30]. From the dimension of the coset space
one would expect five massless Goldstone bosons, one
corresponding to scale transformations and four corre-
sponding to special conformal transformations. However,
the special conformal parameter ϕµ becomes massive by
the absorption of the dilaton φ as can be seen from the
total nonlinear connection component along the dilations
ΓD = ϕ
′
µdx
µ = (2ϕµ − ∂µφ)dxµ.
It is usually argued [29, 30] that one can set the
part ΓG/H of the total nonlinear connection Γ to zero,
ΓG/H = 0. This gives relations among the coset fields,
which reduces the actual number of massless Goldstone
fields. For instance, setting ΓD = 0 in the above example
implies that 2ϕµ can be replaced by ∂µφ. Note however
that ΓG/H = 0 should be interpreted as an effective equa-
tion, since one ignores all massive Goldstone bosons (ϕ′µ
in the above example). This constraint is justified only at
energies much below the mass of these Goldstone bosons.
In the realization considered in this paper, the rela-
tion ΓG/H = 0 translates into
(s)Γ = 0 (s > 1) and
(1)Γ(αβ) = 0. The constraint
(s)Γ = 0 (s > 1) relates
all the generalized Goldstone connections by
(s-1)ω[αβ1]...βs−1k =
2
s!
∂β2 ...∂βs−1
(1)ω[αβ1]k . (23)
We have shown in [19] that by setting (1)Γ(αβ) = 0, the
affine connection (1)Γ[αβ]k becomes metric-compatible,
i.e. equivalent to the Christoffel connection. In this way
all higher spin connections are given in terms of deriva-
tives of the tetrad. We stress again that this is only true
at low energies, where all higher spin fields are assumed
to be decoupled.
III. HIGGS MECHANISM FOR GRAVITY
The spontaneous breaking of the diffeomorphism group
down to the Lorentz group gives rise to an infinite tower
of higher spin connections as well as to the metric. In
this section we construct actions for some parts of the
corresponding Higgs mechanism by which the higher spin
connections get massive. Assuming their decoupling at
low energies, general relativity results as the appropriate
effective low-energy description of gravity.
A. The breaking of dilations and shear
transformations
One part of the symmetry breaking of the diffeomor-
phism group is the spontaneous breaking of its linear sub-
group GL(d,R) ⊂ Diff (d,R) down to the Lorentz group
SO(1, d− 1). In the following we propose a Higgs mech-
anism for this breaking which shows the occurrence of
the metric as a Goldstone field in an affine space-time.
The model is largely based on that of [19]. Previous
6Higgs models of the (special) linear group have been con-
structed in [31, 32].
We begin by assuming that all higher spin connections
have already been decoupled and we are left with a mass-
less connection Γijk of an effective affine space-time. This
connection is considered as an independent dynamical
variable and, in particular, does not depend on the exis-
tence of the metric. In this space-time the metric will be
introduced as a Higgs field which breaks the linear group
GL(d,R) in the tangent space. Recall from Sec. II B that
the breaking of shear and dilation invariance leads to the
metric as a Goldstone field.
We construct the Higgs sector as follows. In analogy
to the complex scalar Φ of U(1) symmetry breaking, the
breaking is induced by a (real) scalar field φ and a sym-
metric tensor ϕij . Under the Lorentz group the tensor
ϕij decomposes into a scalar σ and a traceless symmetric
tensor hˆij (10→ 1+ 9 in d = 4),
ϕij = hˆij +
1
d
σηij , η
ij hˆij ≡ 0 . (24)
The singlet σ has been introduced in analogy to the
Higgs field in U(1) symmetry breaking. The fields hij =
hˆij +
φ
d ηij are the d(d + 1)/2 Goldstone fields parame-
terizing the coset space GL(d,R)/SO(1, d − 1). In fact,
compared to the previous section, the coset fields hij as-
sociated with the linear generators T ij have been rescaled
and redefined so that they now possess mechanical di-
mension m
(d−2)/2
P . The quantity κhij has no dimension,
if κ is the gravitational constant appearing in Einstein-
Hilbert’s action SEH [gij ] =
2
κ2
∫
ddx
√−g R. In terms of
the Planck mass mP , we thus have κ = m
(2−d)/2
P . Sim-
ilarly, the quantity κσ is dimensionless, and so are κϕij
and κφ.
For later convenience, we also introduce another
parametrization for ϕij , which is the analog of the po-
lar parametrization for the complex scalar field Φ in the
U(1) Higgs mechanism:
ϕij =
σ
d
e−κφgij , gij := e
κφ(eκh¯)ij . (25)
In order for both parametrizations (24) and (25) to de-
fine one and the same field ϕij , it is easy to see that
the real, symmetric matrix h¯ij must satisfy one con-
straint4. In other words, the matrix h¯ possesses the
same number of independent components as does hˆ, viz.
d(d+1)
2 − 1. The fields φ and h¯ij may therefore as well
parametrize the coset space GL(d,R)/SO(1, d− 1). The
4 Being real and symmetric, h¯ij can be diagonalized by an orthog-
onal matrix O: h¯ = ODO−1 where D = diag(l1, . . . , ld). Now,
the identification hˆij +
1
d
σηij = ϕij =
σ
d
(exp[h¯])ij implies that
hˆij =
σ
d
[h¯ + 1
2!
h¯2 + 1
3!
h¯3 + . . .]ij . Finally, because η
ij hˆij ≡ 0,
one can easily see that the above equation yields
∏d
n=1 ln = lnd,
that is, one constraint on h¯.
field φ parameterizes dilations while h¯ij parametrizes
SL(d,R)/SO(1, d−1). We will use the metric gij and its
inverse, denoted gij , to lower and raise the indices.
It is then convenient to define the nonmetricity tensor
Qijk by
Qijk ≡ −Dkgij = −∂kgij + 2Γlk(igj)l . (26)
Note that this definition exactly reflects the symmetric
part of the absorption equation (18) (identify (1)Γ(ij)k ∼
Qijk and ω
i
jk ∼ Γijk). Solving this for Γijk,
Γijk = Γ
{}i
jk +N
i
jk , (27)
N ijk ≡ 1
2
(Qjk
i +Qk
i
j −Qijk) , (28)
we observe that a general symmetric connection can
be expressed in terms of the Christoffel connection
Γ{}ijk(gij) and nonmetricity.
We can now write down a GL(d,R) invariant action
for the fields Γijk(x), φ(x), ϕij(x) and the descendant
gij(φ(x), hˆij(x)). However, it turns out to be more con-
venient to perform a change of variables by Eq. (27),
Γijk(x) → Qijk(x), and to construct instead an action
for Qijk(x), φ(x), ϕij(x). Nonmetricity contains a to-
tally symmetric part Q˜ijk ≡ Q(ijk) which can be viewed
as representing a massless spin-3 field, if no mass terms
are introduced for Q. We therefore have to construct an
action for a massive spin-2 field ϕij (and a scalar φ) in
the background of a massless spin-3 field Q˜ijk.
We are not aware of any action that would consistently
couple a massive spin-2 field to a massless spin-3 gauge
field, but consistent non-linear higher-spin field equations
have been constructed [33], that involve an infinite tower
of higher-spin gauge fields.
Our point of view in the present work is to postulate
the existence of an action in which all higher-spin gauge
fields would consistently interact, and focus only at par-
ticular sectors of this action. Then, those sub-sectors
need not be separately consistent but must obey the re-
quirement that, in the free limit, they should reduce to
a positive sum of Singh-Hagen [20] and/or Fronsdal [34]
actions. Clearly, as we already mentioned, the mech-
anism we are presenting here must be seen as a very
small part of a complete Higgs mechanism involving the
infinite number of Goldstone fields of the coset space
Diff (d,R)/SO(1, d− 1).
The action S we propose is given by
S =
∫
ddx
√−g[κpL(Q˜ijk) + 3L(φ, ϕij) + Lint] , (29)
7with (Q˜i ≡ Q˜ikk, p = 2(d−4)2−d )
L(Q˜ijk) =− 1
2
(DiQ˜jkl)
2 +
3
2
(DiQ˜ijk)
2 +
3
2
(DiQ˜j)
2
+ 3(DiDjQ˜ijk)Q˜
k +
3
4
(DiQ˜i)
2 , (30)
L(φ, ϕij) = 1
2
(Diϕjk)
2 − 1
2
(Diϕ
k
k)
2 −DiϕjkDkϕij
+DiϕkkD
jϕij +
3d−d2−2
2d2 (Diφ)
2
+DiφDjϕij − V (φ, ϕij) , (31)
Lint =− ϕijϕijQ˜klmQ˜klm − 3
2d
(DiQ˜ijk)ϕ
jkϕll (32)
and the effective potential
V (φ, ϕij) =
λκp
4
(
ϕ2
κp
−M2
)2
+
m2
2
φ2 +
λ′
2κp
ϕ2φ2 ,
ϕ2 ≡ (ϕijgij)2 − ϕijϕij .
The kinetic terms in the Lagrangians L(Q˜ijk) and
L(φ, ϕij) are obtained from the Fronsdal Lagrangian for a
massless spin-3 field Q˜ijk and the Fierz-Pauli Lagrangian
for a massive spin-2 field ϕij . The Lagrangian L(φ, ϕij)
contains also a kinetic term for the scalar φ and a sym-
metry breaking potential V (φ, ϕij). The kinetic terms in
L(φ, ϕij) are invariant under the exchange of ϕkk and φ.
By construction, the action is invariant under the lin-
ear group. The linear connection is minimally coupled to
the fields φ, ϕij and Q˜ijk via the covariant derivative
Diϕjk = ∂iϕjk − 2Γli(j ϕk)l = ∇iϕjk − 2N li(j ϕk)l (33)
and similarly for Q˜ijk. Here ∇i is the covariant deriva-
tive constructed from the Christoffel connection Γ{}ijk
and N ijk as in Eq. (28). Lint contains some additional
nonminimal interactions.
For brevity, we omitted kinetic terms for the field
Q¯ijk ≡ Qijk − Q˜ijk. Q¯ijk enters the Lagrangian via
the covariant derivatives and is required for linear in-
variance. Linear invariant actions for all components of
the nonmetricity can be found in [3]. Note that Q¯ijk is
nonpropagating in d = 4 if massless.
The potential V (φ, ϕij) has a minimum at
v2ϕ ≡ 〈ϕ2〉 = κpM2 −
λ′
λ
φ2 (34)
and is invariant in the Goldstone direction that param-
eterizes SL(d,R)/SO(1, d − 1). This can best be seen
in the parameterization (25) in which V , upon rescaling
σ′ = e−κφσ, becomes identical to the potential of hybrid
inflation [35]. Scale invariance is softly broken at energy
scales of order of the parameterM and below (we assume
m2 ≪M2).
As in hybrid inflation, we assume that the dilaton field
φ is slow-rolling and large at the beginning of the break-
ing. As long as the dilaton φ is larger than the critical
value φ2c = κ
pλM2/λ′, the field ϕij is trapped at ϕij = 0.
The effective mass squared of ϕij ,
m2(ϕij) =
λ′
κp
φ2 − λM2 , (35)
becomes negative as soon as the value of φ falls below φc,
φ < φc, at which point the vacuum becomes meta-stable.
Then the field ϕij is not trapped at ϕij = 0 anymore and
rolls down the “waterfall” to its minimum vϕ = ±κp/2M
at φ0 = 0. In this way the breaking of scale invariance
triggers the spontaneous breaking of the special linear
group SL(d,R) ⊂ GL(d,R) down to the Lorentz group.
Higgs phase and massive spin-3 fields
We now study the action (29) in the Higgs phase. Be-
low Eq. (26), we identified the nonmetricity field Qijk
with the component (1)Γ(ij)k of the total nonlinear con-
nection Γ. Since (1)Γ(ij)k ⊂ ΓG/H , we expect Qijk to
acquire mass during the symmetry breaking. We thus
have to show that at the minimum of the potential the
Lagrangian in (29) contains the Singh-Hagen Lagrangian
for the massive spin-3 field Q˜ijk.
Let us first verify that the Goldstone field hˆij becomes
massless at the minimum of the potential. According
to the general Higgs procedure, we have to expand φ
and ϕij around the absolute minimum of the potential
at φ0 = 0 and vϕ ≡
√
〈ϕ2〉 = ±κp/2M . We choose the
parameterization
ϕij =
( vϕ√
d(d−1)
+
1
d
σ
)
ηij + hˆij , φ = φ0 + φ˜ = φ˜ , (36)
where the normalization is chosen such that ϕ2 = v2ϕ+... .
Substituting this into the potential V (φ, ϕij), we observe
that the Goldstone field hˆij is indeed massless, whereas
the Higgs-like field σ obtains a positive mass,
m2σ ∼ λM2
d− 1
d
. (37)
It is much simpler to work in the unitary gauge
ϕij =
( vϕ√
d(d−1)
+
1
d
σ
)
ηij , φ = 0 , (38)
in which the Goldstone bosons hˆij and φ are gauged away.
This corresponds to the flat space limit gij = ηij . In this
gauge the Lagrangian in (29) reduces to
L = κpLF (Q˜ijk) +
v2ϕ
2
Q˜2ijk −
3
2
v2ϕ(Q˜
l
lj)
2 − 9
4
λM2σ2
+
9
16
(∂iσ)
2−3
4
vϕ(∂
iQ˜lli)σ + ... , (39)
where dots denote additional mixed terms. The Frons-
dal Lagrangian LF (Q˜ijk) in flat space follows directly
8from L(Q˜ijk) in (30), while the mass terms for Q˜ijk and
its trace Q˜llj descend from the kinetic terms of the Gold-
stone bosons. If we choose λ = 1, then Eq. (39) is nothing
but the Stu¨ckelberg Lagrangian for a massive spin-3 field
Q˜ijk [36] which is equivalent to the spin-3 Singh-Hagen
Lagrangian [20]. The mass of Q˜ijk is given by
m2Q =
1
κp
v2ϕ =M
2 . (40)
The vacuum expectation value vϕ = κ
p/2M is a free pa-
rameter in the model and has to be determined by exper-
iment. If we assume that our model is indeed related to
hybrid inflation, we can make a rough estimation of the
mass mQ =M . It has been found [37] that the parame-
terM determined by the COBE normalization is roughly
1015 − 1016 GeV.
The development of the field σ is quite exciting. Since
we introduced σ as a Higgs-like field, we would have ex-
pected it to be an independent massive scalar, just like
the Higgs particle in elementary particle physics. In-
stead, the field σ turned out to be the auxiliary scalar
required in the Singh-Hagen Lagrangian for a massive
spin-3 field. We thus do not have an additional Higgs
particle.
In the general parameterization (36), there are addi-
tional terms involving the Goldstone metric. Let us as-
sume thatm2Q is very high such that Q˜ijk and σ decouple
at low energies. In this decoupling limit, the Lagrangian
in (29) effectively reduces to the linearized Einstein-
Hilbert LagrangianLF (hij) with hij = hˆij+ 1dφηij . Grav-
ity is thus effectively described by general relativity at the
minimum of the potential. This shows explicitly that the
condition Qijk ≡ −Dkgij ∼ (1)Γ(ij)k = 0 imposed by the
“inverse Higgs effect” is an effective equation.
B. Higgs mechanism for higher spin connections
In the previous section we proposed a full Higgs mech-
anism for the linear group including a symmetry break-
ing potential. An essential part of the mechanism was
the absorption process (I) of Sec. II D. A description of
the breaking of the complete diffeomorphism group ap-
pears to be quite complex. We therefore aim at the more
modest goal of modeling the absorption process (II) of
Sec. II D for s = 2 without giving a symmetry breaking
potential. This is along the lines of [21, 22, 38] which
discuss a “telescopic Higgs effect”. The latter effect is
briefly reviewed now.
1. Stu¨ckelberg formalism and the “telescopic Higgs effect”
At the basis of the Stu¨ckelberg formalism lies the well-
known fact that O(d − 1), the little group for a mass-
less particle in d+1 dimensions, is the same as the little
group for a massive particle in a d -dimensional space-
time. Consistent actions for massive particles can indeed
be obtained by dimensional reduction of massless gauge-
invariant actions. The dimensionally reduced action is
itself invariant under a set of gauge invariances which
display a “telescopic Higgs effect”.
For example, in the previous section we recovered the
Singh-Hagen Lagrangian for a massive spin-3 field as re-
sulting from the expression, in the unitary gauge, of a La-
grangian containing an appropriate symmetry-breaking
potential V . This Lagrangian can also be obtained
starting from Fronsdal’s gauge-invariant Lagrangian
LF (φMNP ) for a massless spin-3 field φMNP , dimension-
ally reduced from d + 1 down to d dimensions. Upon
dimensional reduction, the field φMNP gives rise to the
set of d-dimensional fields {φijk, φij , Ai, ψ} entering a d-
dimensional Stu¨ckelberg Lagrangian LS(φijk , φij , Ai, ψ).
However, not all of these fields will survive. The dimen-
sionally reduced action LS(φijk , φij , Ai, ψ) inherits gauge
invariances from LF (φMNP ) whose effect is to eliminate
all the fields but φijk and φ, the trace of φij .
2. Higher spin connections in the Stu¨ckelberg formulation
We now apply the Stu¨ckelberg formalism to model the
absorption process (II) of Sec. II D. We begin by splitting
Eq. (22) into irreducible pieces under the linear group.
The total symmetric and the “hook” parts are given by
(s)Γˆ(αβ1...βsk) =
(s-1)ωˆ(αβ1...βs,k) − (s+ 1) (s)ωˆ(αβ1...βsk) ,
(s)Γˆ[α(β1]...βsk) =
(s-1)ωˆ[α(β1]...βs,k) − (s+ 1) (s)ωˆ[αβ1]...βsk ,
(41)
where in the second line we first symmetrize in
β1, ..., βs, k and then antisymmetrize in α and β1. A
comma denotes a partial derivative, e.g. Φ,k := ∂kΦ.
We have restricted to (double) traceless fields, which is
required for the construction of Fronsdal’s Lagrangians.
The hat on top of a field indicates its traceless-
ness in the anholonomic indices, e.g. (s)ωˆααβ2...βsk =
(s)ωˆα
β
ββ3...βsk = 0. This guarantees the double trace-
lessness of the field (s)ωˆαβ1...βsk. Note that the fully an-
holonomic field
(s-1)ωˆαβ1...βs =
(s-1)ωˆαβ1...βs−1keˆ
k
βs (42)
is traceless, rather than double traceless. In the non-
linear realization of Diff(d,R) with the Lorentz group
SO(1, d− 1) as stabilizing subgroup, it is indeed natural
to decompose the generators F β1...β2α of Diff (d,R) — as
expressed in an anholonomic basis — with respect to ir-
reducible representations of SO(1, d−1). In other words,
the generators F β1...β2α ≡ eiαF j1...jsi (e−1) β1j1 . . . (e−1)
βs
js
can be decomposed into their traceless and pure-trace
parts by using the Minkowski metric ηαβ .
9It is convenient to define the fields
φαβ1...βsk ≡ (s)ωˆ(αβ1...βsk) ,
φ′αβ1...βsk ≡ (s)Γˆ(αβ1...βsk)
Tαβ1|β2...βsk ≡ (s)ωˆ[αβ1]...βsk ,
T ′αβ1|β2...βsk ≡ (s)Γˆ[α(β1]...βsk) (43)
which, by assumption (more details in section IVA), sat-
isfy the gauge transformation laws
δφαβ1...βs = s∂(αλˆβ1...βs) (44)
δTαβ1|β2...βs = ∂[αkˆβ1]|β2...βs
− 3(s− 1)
s+ 1
∂([β2 kˆα|β1]β3...βs) , (45)
where the last term in (45) is first antisymmetrized in the
indices β2, α, β1 and then completely symmetrized in the
indices β2, β3, ..., βs [40]. The gauge parameters λˆ and kˆ
satisfy λˆβββ3...βs = 0 and kˆβ1|
β
ββ4...βs = 0. Using
ωα|β1...βs =
2s
s+ 1
Tα(β1|β2...βs) + φαβ1...βs , (46)
Eq. (41) can then be rewritten as
φ′αβ1...βsk = ∂(kφαβ1...βs) − (s+ 1)φαβ1...βsk , (47)
T ′αβ1|β2...βsk = −(s+ 1)Tαβ1|β2...βsk
+
2s
(s+ 1)2
∂[β1Tα](β2|β3...βsk)
+
s
s+ 1
Tαβ1|β2...βs,k
+
1
s+ 1
∂[β1φα]β2...βsk . (48)
Eq. (47) is the relevant gauge transformation involved
in the Higgs mechanism for totally symmetric spin-s+2
fields φαβ1...βsk (Young tableau [s+2, 0]), while Eq. (48)
describes the Higgs effect for spin-s+1 fields Tαβ1|β2...βsk
in the “hook” representation [s+1, 1].
For simplicity, we restrict to s = 2 in the following.
Let us compare Eqs. (47) and (48) with the fields aris-
ing in the Stu¨ckelberg formalism. Decomposing the mas-
sive representations [4, 0]m and [3, 1]m into massless rep-
resentations, we obtain
φ′αβ1β2k︷︸︸︷
[4, 0]m →
φαβ1β2k︷︸︸︷
[4, 0] ⊕ [3, 0]⊕ [2, 0]⊕ [1, 0]⊕ [0, 0] (49)
T ′αβ1|β2k︷︸︸︷
[3, 1]m →
Tαβ1|β2k︷︸︸︷
[3, 1] ⊕
Cαβ1|β2︷︸︸︷
[2, 1] ⊕
φαβ︷︸︸︷
[2, 0]⊕
Bαβ︷︸︸︷
[1, 1]⊕
Xα︷︸︸︷
[1, 0]⊕
Sαβ1β2︷︸︸︷
[3, 0]
This shows that a massless representation [4, 0] has to ab-
sorb the massless representations [3, 0], [2, 0], [1, 0], [0, 0]
to become massive. These representations descend them-
selves from the massive representation [3, 0]m (φαβ1k).
Moreover, the massless representation [3, 1] must absorb
the [2, 1], [2, 0], [1, 1], [1, 0] and [3, 0] to become massive.
The first four of these representations come from the
massive representation [2, 1]m (Tαβ|k). The remaining
representation [3, 0] originates from φαβ1k, cf. with the
last line in Eq. (48).
This agrees with the fact that, in a full Higgs mecha-
nism including a symmetry breaking potential, the Gold-
stone bosons φαβ1k and Tαβ|k would be introduced inside
a (tachyonic) Higgs field, i.e. as massive representations.
At the minimum of the potential the Goldstone bosons
condense and become massless. Note however that in the
following we restrict to give the Stu¨ckelberg description
of the massive representations which we consider as part
of the full symmetry breaking mechanism.
3. Stu¨ckelberg formulation of massive [3,1] hook field
The Stu¨ckelberg formalism for the representation [4, 0]
has been discussed in detail in [22].5 We therefore need
to construct only a field equation for the representation
[3, 1] which describes the absorption (48) for s = 2.
Upon dimensional reduction (xi, y) ↓ xi, the (d + 1)-
dimensional massless gauge field TMN |PQ(x, y) gives rise
to the following d-dimensional gauge fields
TMN |PQ(x, y) =
1√
2
TMN |PQ(x)e
imy + c.c. ,
Tij|kl(x, y) =
1√
2
Tij|kl(x)e
imy + c.c. ,
Tij|ky(x, y) =
i√
2
Cij|k(x)e
imy + c.c. ,
Tiy|jk(x, y) =
i√
2
[Sijk(x) +
2
3
Ci(j|k)(x)]e
imy + c.c. ,
Tij|yy(x, y) =
1√
2
Bij(x)e
imy + c.c. ,
Tiy|yj(x, y) =
1√
2
[φij(x) +
1
2
Bij(x)]e
imy + c.c. ,
Tiy|yy(x, y) =
i√
2
Xi(x)e
imy + c.c. .
The descendant fields Tij|kl, Sijk, Cij|k, Bij , φij and Xi
are all real. The field TMN |PQ(x, y) has the following
symmetries
TMN |PQ = −TNM|PQ = −TNM|QP , T[MN |P ]Q ≡ 0 ,
while the descendant d-dimensional fields have the sym-
metries
Cij|k = −Cji|k , C[ij|k] ≡ 0 ,
Sijk = S(ijk) , Bij = −Bji , φij = φji .
5 If fact, it is discussed for all totally symmetric fields φi1...is there.
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The gauge transformations of the field TMN |PQ(x, y) are
δTMN |PQ = ∂[M KˆN ]|PQ
− 3
4
(
∂[P KˆM|N ]Q + ∂[QKˆM|N ]P
)
,
where the gauge parameter KˆN ]|PQ(x, y) possesses the
following symmetries
KˆM|NP = KˆM|PN ,
0 = Kˆ NM|N ≡ Kˆ αM|α + KˆM|yy .
The (d + 1)-dimensional gauge parameter KˆM|NP (x, y)
generates the following d-dimensional gauge parameters
upon dimensional reduction
KˆM|NP (x, y) =
1√
2
KˆM|NP (x)e
imy + c.c. ,
Kˆi|jk =
1√
2
[kˆi|jk +
ηjk
d
ai]e
imy + c.c. ,
Kˆi|jy =
i√
2
tije
imy + c.c.
Kˆy|ij =
i√
2
[lˆij +
ηij
d
l]eimy + c.c. ,
Kˆy|yi =
1√
2
ǫi e
imy + c.c. ,
Kˆy|yy =
−i√
2
l eimy + c.c. ,
where the descendant gauge parameters kˆi|jk, ai, tij , lˆij ,
l and ǫi are all real and
ai = Kˆ
k
i|k (x) , l = Kˆ
k
y|k (x) .
They furthermore obey
kˆi|jk = kˆi|kj , η
jk kˆi|jk = 0
lˆij = lˆji , η
ij lˆij = 0 .
4. Gauge transformations and field redefinitions
The d-dimensional gauge transformations of the de-
scendant fields read
δTij|kl = ∂[ikˆj]|kl −
3
4
(
∂[kkˆi|j]l + ∂[lkˆi|j]k
)
+
1
2d
ηkl∂[iaj] −
1
4d
(
ηjl∂[kai] + ηjk∂[lai]
+ηil∂[jak] + ηik∂[jal]
)
,
δCij|k =
3
4
(∂[itj]k − ∂[ktij])−
m
4
[
kˆ[i|j]k +
1
d
ηk[jai]
]
+
1
4
∂[ilˆj]k +
1
4d
ηk[j∂i]l ,
δSijk =
1
2
∂(i lˆjk) +
1
2d
η(ij∂k)l
− m
2
(
kˆ(i|jk) +
1
d
η(ijak)
)
,
δBij =
1
2
(
∂[iǫj] − ∂[iaj] +mt[ij]
)
,
δφij =
1
2
(
∂(iǫj) +mt(ij)
)
,
δXi =
1
2
(mai − ∂il) .
The fieldXi drops out of the action by doing the following
field redefinitions
φij −→ φ′ij = φij , (50)
Bij −→ B′ij = Bij +
1
m
∂[iXj] , (51)
Sijk −→ S′ijk = Sijk +
1
D
η(ijXk) , (52)
Cij|k −→ C′ij|k = Cij|k +
1
2D
ηk[jXi] , (53)
Tij|kσ −→ T ′ij|kσ = Tij|kσ
+
3
2mD
[
η(jk∂σ)Xi + ηi(j∂kXσ)
−η(ik∂σ)Xj − ηj(i∂kXσ)
]
. (54)
The redefined fields transform as
δT ′ij|kl = ∂[ikˆj]|kl −
3
4
(
∂[kkˆi|j]l + ∂[lkˆi|j]k
)
, (55)
δC′ij|k =
3
4
(
∂[itj]k − ∂[ktij]
)− m
4
kˆ[i|j]k +
1
4
∂[i lˆj]k ,
(56)
δS′ijk =
1
2
∂(i lˆjk) −
m
2
kˆ(i|jk) , (57)
δB′ij =
1
2
(
∂[iǫj] +mt[i|j]
)
,
δφ′ij =
1
2
(
∂(iǫj) +mt(i|j)
)
.
Performing the field redefinitions (50)–(54) is equivalent
to going in the gauge
ai =
1
m
∂il , (58)
whose effect is to eliminate Xi from the action. Of course
we must have m 6= 0. There is no redefined field varying
with respect to the gauge parameters ai and l .
The next gauge fixing condition that we choose is (m 6= 0)
tij = − 1
m
∂iǫj (59)
which is equivalent to gauging Bij and φij away. Note
that (55), (56) and (57) are unaffected by this gauge fix-
ing condition. In terms of field redefinition, the gauge
(59) translates as
T ′ij|kl −→ T ′′ij|kl = T ′ij|kl
C′ij|k −→ C′′ij|k = C′ij|k −
3
2m
∂[iφ
′
j]k
− 1
2m
(
∂kB
′
ji + ∂[iB
′
j]k
)
S′ijk −→ S′′ijk = S′ijk .
11
As a result, the fields B′ and φ′ disappear from the action
and we have
δT ′′ij|kl = ∂[ikˆj]|kl −
3
4
(
∂[kkˆi|j]l + ∂[lkˆi|j]k
)
,
δC′′ij|k =
1
4
(
∂[ilˆj]k −mkˆ[i|j]k
)
,
δS′′ijk =
1
2
(
∂(ilˆjk) −mkˆ(i|jk)
)
.
Obviously, the next gauge condition we impose is (m 6= 0)
kˆi|jk =
1
m
∂i lˆjk (60)
which enables us to eliminate the (jk)-traceless part of
Pi|jk := S
′′
ijk +
8
3 C
′′
i(j|k) since it can be seen that
δPi|jk =
1
2
(
∂ilˆjk −mkˆi|jk
)
.
In other words, we can gauge away S′′ijk and C
′′
ij|k (the
two independent components of Pi|jk) except for the trace
ηjk(S′′ijk+
8
3 C
′′
ij|k) =: S
′′
i +
8
3 C
′′
i which will remain in the
action, playing the roˆle of an auxiliary vector field Vi
that we need for the action of a massive [3, 1] field. At
the level of the action, the gauge (60) translates as the
field redefinition
T ′′ij|kl −→ Hij|kl = T ′′ij|kl
+
2
m
[
∂[iPj]|kl −
3
4
(
∂[kPi|j]l + ∂[lPi|j]k
)]
.
This equation expresses the absorption (48). Then, at the
end of all these field redefinitions which are the transla-
tion of the gauge-fixing conditions (58), (59) and (60),
all the fields but Hij|kl and Vi := S
′′
i +
8
3 C
′′
i remain in
the action. The field Hij|kl does not transform anymore,
it has become a massive field. The field Vi := S
′′
i +
8
3 C
′′
i
does not transform neither, it is an auxiliary field, as we
show explicitly in the following.
5. Field equations
The field equations for a massless [3, 1] irreducible hook
field TMN |RS in dimension (d + 1) are [39, 40] (see also
[41] in different symmetry conventions)
FMN |AB = 0 , (61)
where FMN |AB is the kinetic tensor
FMN |AB = ∂R∂
RTMN |AB + 2∂
R∂[MTN ]R|AB
− 2∂RTMN |R(A,B) + 4∂[MTRN ]|R(A,B)
+ ∂A∂BT
R
MN | R .
As before, a coma ΦB,A denotes a partial derivative
∂AΦB. Partially decomposing the field equation accord-
ing to xM = (xi, y) gives
0 = TMN |AB + ∂y∂yTMN |AB − ∂M∂kTkN |AB
− ∂M∂yTyN |AB + ∂N∂kTkM|AB + ∂N∂yTyM|AB
− ∂A∂kTMN |kB − ∂A∂yTMN |yB − ∂B∂kTMN |kA
− ∂B∂yTMN |yA + ∂A∂MT kN |kB + ∂A∂MTyN |yB
− ∂A∂NT kM|kB − ∂A∂NTyM|yB + ∂B∂MT kN |kA
+ ∂B∂MTyN |yA − ∂B∂NT kM|kA − ∂B∂NTyM|yA
+ ∂A∂BT
k
MN | k + ∂A∂BTMN |yy .
We can now decompose the above expression where the
indices MN |AB take the values ij|ab, iy|ab, ij|yy, iy|yb
and iy|yy, respectively. We find
0 = Fij|ab −m2Tij|ab − 2m∂[iSj]ab −
4
3
m∂[iCj](a|b)
+ ∂a∂bBij + 2mCij|(a,b) − 4∂[iφj](a,b) − 2∂[iBj](a,b) ,
0 = (Siab +
2
3
Ci(a|b))− ∂i∂k(Skab +
2
3
Ck(a|b))
− ∂k∂a(Sbik + 2
3
Ci(k|b))− ∂k∂b(Saik +
2
3
Ci(k|a))
+ ∂a∂b(S
k
ik +
2
3
C ki |k) +m∂
kTki|ab
− 2mT ki|k(a,b) + ∂a∂bXi ,
0 = (φib +
1
2
Bib)− ∂b∂k(φib + 1
2
Bib)
+ ∂b∂iφ
k
k +m∂
kSkib − 2m∂(iS kb)k −m∂bXi
− ∂i∂k(φkb + 1
2
Bkb)− 4
3
m∂kCki|b +
1
3
m∂kCib|k
− 1
3
m∂iC
k
b|k −
5
3
m∂bC
k
i |k +m
2T ki|kb ,
0 = Xi − ∂i∂kXk −m2Xi + 2m∂kBki
− 2m∂kφik + 2m∂iφkk −m2
(
S kik +
8
3
C ki |k
)
,
where Fij|ab is the kinetic tensor for the field Tij|ab.
We now perform all the field redefinitions given in the
previous section. The above field equations read
0 = Fij|ab(H)−m2Hij|ab
− 2
m
∂a∂b∂[i
(
S′′
k
j]k +
8
3
C′′
k
j]k|
)
,
0 = ∂a∂b
(
S′′
k
ik +
8
3
C′′
k
ik|
)
+m
(
∂kHki|ab − ∂aH kki|b − ∂bH kki|a
)
,
0 = m2H kki|b −m∂b
(
S′′
k
ik +
8
3
C′′
k
ik|
)
,
0 = m2
[
S′′
k
ik +
8
3
C′′
k
ik|
]
.
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All together, these field equations imply
(−m2)Hij|kl = 0 ,
∂iHij|kl = 0 ,
ηjkHij|kl = 0 ,
which are the field equations for a massiveD-dimensional
[3, 1] hook field. We thus derived the correct field re-
definitions which express the absorption phenomenon by
which a massless [3, 1] hook field becomes massive.
IV. GEOMETRICAL INTERPRETATION OF
HIGHER SPIN CONNECTIONS
In Sec. II we found an infinite tower of general-
ized connections (s)ω parameterizing the coset space
Diff0(d,R)/GL(d,R) associated with nonlinear coordi-
nate transformations. In Sec. IVA we will relate them
with higher spin connections known from the frame for-
malism of higher spin fields [23]. In particular, we derive
some gauge invariance principle for the generalized con-
nections which leads to a geometrical interpretation of
higher spin connections. In Secs. IVB and IVC we then
study the geometrical structure of a space-time equipped
with higher spin connections.
A. Gauge transformations of higher spin
connections
In the frame formalism for higher spin gauge
fields in Minkowski space [23], Lorentz-like connec-
tions ωk
α|β1...βS−1 are given in terms of frame-like fields
ek
β1...βS−1. These fields are symmetric in the indices
β1, ..., βS−1 and satisfy the relations
ωk|
β
|ββ2...βS−1 = 0 , ωk|α|
β
ββ3...βS−1 = 0 ,
ωk|(α|β1...βS−1) = 0 , ek
β
β
β3...βS−1 = 0 .
The higher spin connections and tetrads are invariant
under the gauge transformations
δωk|α|β1...βS−1 = ∂kaα|β1...βS−1 +Σk|α|β1...βS−1 , (62)
δek|β1...βS−1 = ∂kλβ1...βS−1 + ak|β1...βS−1 ,
where the gauge parameters a, Σ and λ are traceless,
completely symmetric in the indices (β1...βS−1) and pos-
sess the following supplementary symmetry properties:
a(α|β1...βS−1) = 0 = Σk|(α|β1...βS−1) ,
Σk|α|β1...βS−1 = Σα|k|β1...βS−1 .
Of course, similar gauge transformation formulas are
also present in the metric-like formulation of higher spin
gauge fields [34] (see also [42]) and are crucial for the
construction of consistent higher spin theories.
Though nonlinear realizations are different from gaug-
ing, the group action on the coset fields is very similar to
a gauge transformation [12]. We may exploit this similar-
ity to derive a gauge transformation for the generalized
connections (s)ω which is basically given by Eq. (62).
We begin by rewriting the defining equations of the
nonlinear connection one-forms (s)Γ. For simplicity, we
consider once again the linearized version of Eq. (20):
δ(s)ωαβ1...βsk = ∂k
(s-1)ωαβ1...βs , (s > 1) (63)
where the variation δ(s)ωαβ1...βsk has been defined by
δ(s)ωαβ1...βsk ≡ (s)Γαβ1...βsk − (−s− 1)(s)ωαβ1...βsk
and where one takes the traceless projection of this equa-
tion in the anholonomic indices, as we did in Sec. III B 2.
For the interpretation of Eq. (63) as the gauge transfor-
mation of the coset field (s)ω, we have to consider the
field (s-1)ωαβ1...βs as the gauge parameter of
(s)ω. In-
deed, if we define a[α|β1]β2...βs :=
(s-1)ω[αβ1]β2...βs and
ωk|[α|β1]β2...βs :=
(s)ω[αβ1]β2...βsk, then Eq. (63) antisym-
metrized in (αβ1) is equivalent to the transformation (62)
in the manifestly antisymmetric conventions.6
It is crucial to observe here that a certain coset field
(s)ω plays simultaneously the role of a gauge field as well
as that of a gauge parameter: On the one hand, the field
(s-1)ωαβ1...βs acts as the gauge parameter of the connec-
tion (s)ωαβ1...βsk. On the other hand, on the next higher
level, (s)ωαβ1...βsβs+1 has to be interpreted itself as the
gauge parameter of (s+1)ωαβ1...βs+1k. We have already
encountered this double role in Sec. II D, where we inter-
preted Eq. (20) as an absorption equation.
Why do we expect Eq. (20) to reproduce the gauge
transformations of higher spin connections? In Sec. II D
we interpreted Eq. (20) as an absorption equation for
Goldstone bosons. In the standard Higgs mechanism of
elementary particle physics the absorption of a Goldstone
boson by a gauge field is identical to a gauge transforma-
tion in which the gauge parameter is identified with the
Goldstone boson. It is thus natural to regard Eq. (20) as
a kind of gravitational gauge transformation.
Continuing the analogy to gauging even further, we
may ask which global symmetry is made local by the gen-
eralized connections. Note that the fields (s)ωαβ1...βsk are
the components of the connection one-forms Γαβ1...βs as-
sociated with the generators F
(s−1)
α
β1...βs (s > 1). In this
sense, the global symmetries generated by F
(s−1)
α
β1...βs
are “gauged” by (s)ωαβ1...βsk. For s = 1 this implies that
the ordinary connection ωαβk is the gauge potential of
the linear group.
6 Since (s)ωαβ1...βsk is already completely symmetric in the indices
(β1...βsk), there is no further parameter Σk|α|β1...βs on the right-
hand-side of Eq. (63).
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B. The strong equivalence principle
Gravity in a spacetime equipped with generalized con-
nections obeys the strong equivalence principle (SEP).
The SEP states that gravitational interactions can be
gauged away by an appropriate coordinate transforma-
tion. To see this, we prove that at each point P there
exists a coordinate system such that
(s)ωij1...jsk|P = 0
for all s > 1.
Let us choose P as the point of origin xi = 0 (choose
gauge ξi = xi) and perform the coordinate transforma-
tions
xi → x′i = xi + 1
(s+ 1)!
εij1...jskx
j1 · · ·xjsxk . (64)
Substituting this into the transformation law (12), we
obtain7
(s)ω′ij1...jsk|P = (s)ωij1...jsk|P − εij1...jsk .
If we choose the parameters εij1...jsk =
(s)ωij1...jsk|P , we
get (s)ω′ij1...jsk|P = 0 and, from this, (s)Γij1...jsk|P = 0 for
all s > 1. It is thus possible to find a coordinate system
at a point P in which there is no gravitational force on
a point particle, i.e. x¨i|P = 0 (SEP). All higher spin
connections have been gauged away.
C. Velocity-dependent affine connection
There exists an interesting alternative view of a space-
time endowed with higher spin connections. This view is
based on a geometrical object calledN -connection (N for
nonlinear). The concept of an N -connection N ij(x, x˙)
was first introduced by E´. Cartan [43] in his work on
Finsler spaces, see [44] for a modern review. The N -
connection is related to a velocity-dependent affine con-
nection γijk(x, x˙) by
N ij(x, x˙) =
1
2
∂
∂x˙j
(
γink(x, x˙) x˙
nx˙k
)
. (65)
The affine connection γijk(x, x˙) can now be defined in
terms of the higher spin connections (s)Γ,
γink(x, x˙) ≡
∞∑
s=1
(s)Γinj2...jskx˙
j2 · · · x˙js (66)
7 We perform the coordinate transformation (64) first for (1)ω,
then for (2)ω, etc. In this way the term O((s-1)ω) in (12) is
absent, since we have already set all lower spin connections to
zero.
which transforms as required:
δγink(x, x˙) = ε
i
mγ
m
nk − 2εm(nγik)m − εi,nk . (67)
The inhomogeneity εi,nk follows from the variation δ
(1)Γ,
while the terms with s > 1 on the r.h.s. of (66) transform
as (use δx˙i = ε˙i = εimx˙
m)
δ((s)Γinj2...jskx˙
j2 · · · x˙js) (68)
= (εim
(s)Γmnj2...jsk − 2εm(n|(s)Γij2...js|k)m)x˙j2 · · · x˙js ,
where only the indices n and k are symmetrized. Here
terms involving the variations δx˙i have cancelled s − 1
terms in the tensor transformation of (s)Γ (s > 1).
Physically, Eq. (66) means that a spacetime equipped
with higher spin connections is equivalent to a spacetime
with a velocity-dependent affine connection γijk(x, x˙).
The gravitational force on a test particle thus depends
not only on the location of the particle, but also on its
velocity similar as in a Finsler space. However, since γijk
is not derived from any metric structure, this spacetime
is more general than a Finsler space.
D. Matter currents
We have not yet discussed the matter currents associ-
ated with the generalized connections. Here, we restrict
ourselves to a few comments. A thorough discussion of
the matter currents is beyond the scope of this paper.
Consider a general matter Lagrangian L =
L(Ψ, dΨ, ϑα, dϑα, (s)Γ, d(s)Γ) which includes a matter
field Ψ, the coframe ϑα and the generalized connections
(s)Γαβ1...βs+1 (s > 0) as given by Eqns. (17)–(20). We
may then define the d−1-form currents
Σα :=
δL
δϑα
, (69)
∆(s)α
β1...βs+1 :=
δL
δ(s)Γαβ1...βs+1
(s > 0) . (70)
Here Σα is the canonical energy-momentum current and
∆
(s)
α
β1...βs+1 denotes currents which we will call hypermo-
mentum currents of degree s. The currents ∆
(s)
α
β1...βs+1
generalize the hypermomentum current ∆
(0)
α
β known
from the Metric-Affine Theory of Gravity [3]. Hyper-
momentum is the sum of the spin current ταβ = ∆
(0)
[αβ]
and the shear and dilation current ∆
(0)
(αβ).
The components of Σα = Σkαdx
k and ∆
(s)
α
β1...βs+1 =
∆
(s)
kα
β1...βs+1dxk may be used to define the generators of
the diffeomorphism algebra. In fact, integrating the com-
ponents Σ0α and ∆
(s)
0α
β1...βs+1 over a d−1-dimensional
spacelike hypersurface, we recover (gauge ξi = xi)
Pα =
∫
dd−1xΣ0α , (71)
F (s)α
β1...βs+1 =
∫
dd−1x∆
(s)
0α
β1...βs+1 (72)
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which, by construction, satisfy the algebra (3).
Which are the matter fields carrying these currents?
Representations of the Poincare´ group carry only energy-
momentum and spin. In order to have also sources
for hypermomentum, we would have to construct field
equations for representations of the double covering of
GL(d,R) or the diffeomorphism group Diff (d,R). We
briefly commented on this in [19], Sec. IVA, see also [3]
and references therein.
V. CONCLUSIONS
In this paper we discussed the higher-spin Goldstone
fields (s)ωij1...jsk of the spontaneous breaking of the group
of analytic diffeomorphisms and its relevance for gravity.
It is quite a challenge to construct a Higgs mechanism
for the complete diffeomorphism group.
As a partial realization, we provided a Higgs mecha-
nism for the breaking of its linear subgroup down to the
Lorentz group. Our model predicts that gravity is modi-
fied at high energies by the exchange of a massive spin-3
field. This field was identified as the totally symmetric
part of the nonmetricity field Qijk. In [19] we suggested
the name “triton” for the corresponding particle. The
range of this additional spin-3 force is of order of the
Compton wavelength λc = h/mQc and appears to be
extremely short-ranged. The mass mQ of nonmetricity
enters our model as a free parameter and has to be mea-
sured experimentally. Under the assumption that our
model is related to hybrid inflation, we estimated mQ to
be at 1015 − 1016 GeV.
Of course, one expects [7] all higher spin fields (s)ω to
become massive due to a similar Higgs effect. To gain in-
sight into the complexity of the Higgs effect, we therefore
modeled also the absorption process for (2)ωij1j2k adopt-
ing the Stu¨ckelberg formalism.
From the nonlinear realization discussion, it is clear
that the complete symmetry breaking of the diffeomor-
phism group should provide a massless graviton and an
infinite tower of massive higher spin particles. This par-
ticle spectrum reminds to that of string theory, but with
the difference that here the fields acquire mass by a Higgs
mechanism. It would be exciting to find a constraint in
a generalization of our Higgs model to higher-spin fields
which constraints the corresponding particles to lie on
Regge trajectories.
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APPENDIX A: THE TRANSFORMATION
BEHAVIOR OF THE COSET FIELDS (s)ω
In this appendix we compute the transformation be-
havior of the coset fields (s)ωij1...jsk associated with
the broken generators F
(s)j1...jsk
i of the diffeomorphism
group. The computation is analog to that in [19], App. A,
where it was performed for the special case s = 1.
For simplicity, we only consider fields with holo-
nomic indices and restrict on the coset space G/H =
Diff (d,R)/GL(d,R). For the coset element σ ∈ G/H ,
the group elements g ∈ G and h ∈ H , we choose the
parameterizations
σ(ξ, ω) = eiξ·P ei
(1)
ω ·F (1)ei
(2)
ω ·F (2) · · · , (A1)
g(ǫ) ≈ 1 + iǫ · P + iǫ · F (0) + iǫ · F (1) + . . . , (A2)
h(α) ≈ 1 + iα ·M , α = α(ǫ; ξ, ω) , (A3)
where
ǫ · P = ǫiPi , ǫ · F (0) = ǫijF (0)ji ,
ǫ · F (1) = ǫij1j2F
(1)j1j2
i , etc. (A4)
In order to obtain the transformation behavior
δ(s)ωij1...jsk, we substitute the above parametrizations
into the nonlinear transformation law for elements σ of
G/H given by [11, 12]
g(ǫ)σ(ξ, ω) = σ(ξ′, ω′)h(ǫ, ξ, ω) . (A5)
Solving for h(ǫ, ξ, ω), we get
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1 + iα · F (0) = · · · e−i
(2)
ω ·F (2)e−i
(1)
ω ·F (1)(1 + i
(0)
ε ·F (0) + i (1)ε ·F (1) + . . .)ei
(1)
ω ·F (1)ei
(2)
ω ·F (2) · · · (A6)
+
∞∑
n=1
· · · e−i
(n+1)
ω ·F (n+1)e−i
(n)
ω ·F (n)
(
i
∞∑
in=0
(−1)in+1
(in + 1)!
(
(n)
ω )in [δ
(n)
ω ] · F (nin+n)
)
ei
(n)
ω ·F (n)ei
(n+1)
ω ·F (n+1) · · · ,
where
(n)
ε ·F (n) = 1
(n+ 1)!
∂n+1εi(ξ)
∂ξj1 . . . ∂ξjn∂ξk
F
(n)j1...jnk
i ,
εi(ξ) ≡ ǫi + ǫijξj + ǫij1j2ξj1ξj2 + . . . = δξi . (A7)
Note that we have already performed the multiplication
with e±iξ·P . As shown in detail in [19], App. A1, this
promotes the parameters of g(ǫ) to space-time dependent
fields: ǫ→ ε(ξ).
For the computation of (A6), it turns out to be con-
venient to introduce the following bracket notation: For
any two tensors T (n)  T ij1...jnk and U
(q)  U ij1...jqk
of type (1, n + 1) and (1, q + 1), completely symmetric
in their covariant indices, we have the following bracket
which gives a tensor of type (1, n + q + 1), completely
symmetric in its covariant indices as well
[ , ] : (T (n), U (q)) −→ [T (n), U (q)](n+q) ,
[T (n), U (q)]
i
j1...jn+qk
=
(n+ 1)T il(j1...jnU
l
jn+1...jn+qk)
− (q + 1)U il(j1...jqT ljq+1...jn+qk) . (A8)
If we further define the notation
(n)
ω [
(p)
ε ] := [
(p)
ε ,
(n)
ω ] ,
(
(n)
ω )2[
(p)
ε ] := [[
(p)
ε ,
(n)
ω ],
(n)
ω ] ,
(
(n)
ω )3[
(p)
ε ] := [[[
(p)
ε ,
(n)
ω ],
(n)
ω ],
(n)
ω ] ,
...
and
(n1)
ω · · · (ns)ω [(p)ε ] := [...[(p)ε , (ns)ω ], (ns−1)ω ], ...], (n1)ω ] , (A9)
then, for example,
e−i
(r)
ω ·F (r)(1 + i
(0)
ε ·F (0) + i (1)ε ·F (1) + . . .)ei
(r)
ω ·F (r)
= 1 + i
∞∑
s=1
( s−1∑
k=0
1
k!
(
(r)
ω )k[
(s−k−1)
ε ]
)
· F (s−1) .
(A10)
Here we used the Baker-Campbell-Hausdorff formula in
the form
e−BAeB = A+ [A,B] +
1
2!
[[A,B], B] + ... (A11)
for two operators A and B.
We have now an algorithm to write down δ
(s)
ω in a
closed form. Comparing successively the coefficients of
F (1), F (2), F (3), etc. in Eq. (A6), we obtain
δ
(1)
ω =
(1)
ε +
(1)
ω [
(0)
ε ] , (A12)
δ
(2)
ω =
(2)
ε +
(2)
ω [
(0)
ε ] +
1
2
(1)
ω [
(1)
ε ] , (A13)
δ
(3)
ω =
(3)
ε +
(3)
ω [
(0)
ε ]+
(1)
ω [
(2)
ε ]− 1
3!
(1)
ω
(1)
ω [
(1)
ε ] , (A14)
etc.
For general δ
(s)
ω , we therefore get
δ
(s)
ω=
(s)
ε +
(s)
ω [
(0)
ε ] + ... , (A15)
which is identical to Eq. (10).
APPENDIX B: THE TOTAL NONLINEAR
CONNECTION
In this appendix we give a compact expression for the
total nonlinear connection Γ = σ−1dσ. The coset element
σ ∈ Diff (d,R)/SO(1, d − 1) will be parameterized as in
Eq. (16). After a short computation, we get
Γ = (B1)
∞∑
n=−1
∞∏
m=n+1
e−i
(m)ω·F (m)(e−i
(n)ω·F (n)dei
(n)ω·F (n))ei
(m)ω·F (m) ,
where
e−i
(n)ω·F (n)dei
(n)ω·F (n) =
∞∑
in=0
i((n)ω)in [d(n)ω]
(in + 1)!
· F (nin+n) .
Here we defined (-1)ω ≡ ξ and (0)ω ≡ h, where h
is the shear coset parameter corresponding to
GL(d,R)/SO(1, d − 1). It is understood that the
exponentials have to be written in ascending (descend-
ing) order on the right (left) of the central factor
e−...de....
Using the bracket notation of App. A, we find for the
1-forms Γij1..js = (Γ|F (s−1))ij1..js the compact expression
Γ|F (s−1) =
s−1∑
n=−1
s∑
in,...,is=0
((s)ω)is · · · ((n)ω)in [d(n)ω]
× δ(in, . . . , is, n)
(in + 1)!in+1! . . . is!
δi−1,0 , (B2)
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where
δ(in, in+1, . . . , is, n) = 1 , (B3)
if n+nin+(n+1)in+1+ . . .+sis = s−1, zero otherwise.
To linear order this can be expanded as
Γ|F (s−1) = d(s-1)ω + (s)ω[dξ] +O(ω2) , (B4)
where the first two terms correspond to n = s− 1, in = 0
and n = −1, i1 = ... = is−1 = 0, is = 1, respectively.
The first five coefficients are
Γ|F (−1) = ϑ ≡ eh[dξ] = (1 + h+
1
2
h2 + . . .)[dξ] , (B5)
Γ|F (0) = e−1de + (1)ω[ϑ] , (B6)
Γ|F (1) = d(1)ω +
(
(2)ω +
1
2!
((1)ω)2
)
[ϑ] + (1)ω[e−1de] ,
(B7)
Γ|F (2) = d(2)ω +
(
(3)ω + (2)ω(1)ω +
1
3!
((1)ω)3
)
[ϑ] (B8)
+
(
(2)ω +
1
2!
((1)ω)2
)
[e−1de] +
1
2!
(1)ω[d(1)ω] ,
Γ|F (3) = d(3)ω +
(
(4)ω + (3)ω(1)ω +
1
2!
((2)ω)2
+
1
4!
((1)ω)4
)
[ϑ]
+
(
(3)ω + (2)ω(1)ω +
1
3!
((1)ω)3
)
[e−1de]
+
(
(2)ω +
1
3!
((1)ω)2
)
[d(1)ω] , (B9)
with
e−1de =
∞∑
i0=0
1
(i0 + 1)!
hi0 [dh] . (B10)
If we apply the rule for the bracket in Eq. (A8), we find
Eqs. (17) – (20).
The transformation law for the 1-forms Γij1..js =
(Γ|F (s−1))ij1..jskdξk follows from those for (s)ω given in
App. A. Since ΓG/H transforms as a tensor, we expect
δΓ|F (s−1) =
(
Γ|F (s−1)
)
[
(0)
ε ] = [
(0)
ε ,Γ|F (s−1) ] (B11)
for s > 2. We explicitly checked this for Γ|F (1) using Eqs.
(B7), (A12) and (A13).
APPENDIX C: DECOMPOSITION OF HIGHER
SPIN CONNECTIONS
Upon lowering the upper index i, the higher spin con-
nection ωij1...jsk can be decomposed under GL(d,R) into
a totally symmetric part corresponding to the Young
tableau [s+ 2, 0] and a part corresponding to [s+ 1, 1]:
GL(d, R) dimension
(s)ω(ij1...jsk) · · · (d+ s+ 1)!
(d− 1)!(s+ 2)! ,
(s)ω[ij1 ]...jsk · · · (d+ s)!(s+ 1)
(d− 2)!(s+ 2)! .
In total, the higher spin connection (s)ω has
d
(
d+ s
s+ 1
)
(C1)
off-shell components.
Let us consider the case in which (s)ω is massless.
Then, in order to apply the Fronsdal description for
these fields, we have to split (s)ω into double-traceless
fields. For instance, (s)ω(ij1...jsk) is equivalent to the
sum of double-traceless fields (s) ˆˆω(ij1...jsk),
(s) ˆˆω(ij1...js−4k),
(s) ˆˆω(ij1...js−8k), etc.
The number of on-shell degrees of freedom are given by
the same Young diagram, now labeling an O(d− 2) irre-
ducible representation. In d = 4, the fields (s) ˆˆω(ij1...js−nk)
(n = 0, 4, 8, ...), have spin s−n+2 and 2 on-shell degrees
of freedom, while the fields (s) ˆˆω[ij1]...js−nk (n = 0, 4, 8, ...)
are non-dynamical. The “hook” representations have
vanishing on-shell degrees of freedom, since the dimen-
sion of the same Young tableau under the little group
O(2) is zero.
17
[1] Y. M. Cho, Phys. Rev. D 14, 2521 (1976).
[2] C. Fronsdal, J. Geom. Phys. 7, 305 (1990).
[3] F. W. Hehl, J. D. McCrea, E. W. Mielke and Y. Neeman,
Phys. Rept. 258, 1 (1995) [arXiv:gr-qc/9402012].
[4] M. Blagojevic, “Gravitation and gauge symmetries,”
Bristol, UK: IOP (2002) 522 pp.
[5] R. Tresguerres, Phys. Rev. D 66, 064025 (2002).
[6] G. Sardanashvily, “Gauge gravitation theory from the
geometric viewpoint,” arXiv:gr-qc/0512115.
[7] E. A. Ivanov and V. I. Ogievetsky, Lett. Math. Phys. 1,
309 (1976); JETP Lett. 23, 606 (1976) [Pisma Zh. Eksp.
Teor. Fiz. 23, 661 (1976)].
[8] Y. Itin and F. W. Hehl, Annals Phys. 312, 60 (2004)
[arXiv:gr-qc/0401016].
[9] M. Leclerc, Annals Phys. 321, 708 (2006)
[arXiv:gr-qc/0502005].
[10] V. I. Ogievetsky, Lett. Nuovo Cim. 8, 988 (1973).
[11] S. R. Coleman, J. Wess and B. Zumino, Phys. Rev. 177,
2239 (1969); C. G. Callan, S. R. Coleman, J. Wess and
B. Zumino, Phys. Rev. 177, 2247 (1969).
[12] A. Salam and J. Strathdee, Phys. Rev. 184, 1750 (1969);
A. Salam and J. Strathdee, Phys. Rev. 184, 1760 (1969).
[13] C. J. Isham, A. Salam and J. A. Strathdee, Annals Phys.
62, 98 (1971).
[14] D. V. Volkov and V. P. Akulov, Zh. Eksp. Teor. Fiz.
Pis’ma Red. 16, 621 (1972); D. V. Volkov, Fiz. El. Chast.
Atom. Yad., 4, 3 (1973) [Sov. J. Particles Nucl., 4, No.
1, July-Sept. 1973].
[15] V. Ogievetsky, 10th Winter School of Theor. Phys.,
Karpach, Poland (1973).
[16] A. B. Borisov and V. I. Ogievetsky, Theor. Math. Phys.
21, 1179 (1975) [Teor. Mat. Fiz. 21, 329 (1974)].
[17] F. Englert and R. Brout, Phys. Rev. Lett. 13, 321
(1964); P. W. Higgs, Phys. Lett. 12, 132 (1964).
P. W. Higgs, Phys. Rev. Lett. 13, 508 (1964). G. S. Gu-
ralnik, C. R. Hagen and T. W. B. Kibble, Phys. Rev.
Lett. 13, 585 (1964).
[18] A. Pashnev, arXiv:hep-th/9704203.
[19] I. Kirsch, Phys. Rev. D 72, 024001 (2005)
[arXiv:hep-th/0503024].
[20] L. P. S. Singh and C. R. Hagen, Phys. Rev. D 9, 898
(1974).
[21] C. S. Aulakh, I. G. Koh and S. Ouvry, Phys. Lett. B 173,
284 (1986).
[22] M. Bianchi, P. J. Heslop and F. Riccioni,
arXiv:hep-th/0504156.
[23] M. A. Vasiliev, Sov. J. Nucl. Phys. 32 (1980) 439
[Yad. Fiz. 32 (1980) 855].
[24] M. A. Vasiliev, Int. J. Geom. Meth. Mod. Phys. 3, 37
(2006) [arXiv:hep-th/0504090].
[25] C. Heinicke, P. Baekler and F. W. Hehl, Phys. Rev. D
72, 025012 (2005) [arXiv:gr-qc/0504005];
P. Baekler and F. W. Hehl, “Rotating black holes in
metric-affine gravity,” arXiv:gr-qc/0601063;
Y. N. Obukhov, Phys. Rev. D 73, 024025 (2006)
[arXiv:gr-qc/0601074].
[26] C. N. Yang, Phys. Rev. Lett. 33, 445 (1974).
[27] R. Jackiw, arXiv:physics/0403109.
[28] E. S. Fradkin and M. A. Vasiliev, Phys. Lett. B 189
(1987) 89; Nucl. Phys. B 291 (1987) 141;
M. A. Vasiliev, Nucl. Phys. B 616 (2001) 106 [Erratum-
ibid. B 652 (2003) 407] [hep-th/0106200];
K. B. Alkalaev and M. A. Vasiliev, Nucl. Phys. B 655
(2003) 57 [hep-th/0206068].
[29] E. A. Ivanov and V. I. Ogievetsky, Teor. Mat. Fiz. 25,
164 (1975).
[30] I. Low and A. V. Manohar, Phys. Rev. Lett. 88, 101602
(2002) [arXiv:hep-th/0110285].
[31] Y. Ne’eman and Dj. Sˇijacˇki, Phys. Lett. B200, 489
(1988).
[32] I. Kirsch and Dj. Sˇijacˇki, Class. Quant. Grav. 19, 3157
(2002) [arXiv:gr-qc/0111088].
[33] M. A. Vasiliev, Phys. Lett. B 567, 139 (2003)
[arXiv:hep-th/0304049]; for a review, see X. Bekaert,
S. Cnockaert, C. Iazeolla and M. A. Vasiliev, “Nonlin-
ear higher spin theories in various dimensions,” Proceed-
ings of the first Solvay Workshop on Higher Spin Fields
(Brussels, May 2004) [arXiv:hep-th/0503128].
[34] C. Fronsdal, Phys. Rev. D 18, 3624 (1978);
J. Fang, C. Fronsdal, Phys. Rev. D 18, 3630 (1978).
[35] A. D. Linde, Phys. Rev. D 49, 748 (1994)
[arXiv:astro-ph/9307002].
[36] F. Riccioni, Laurea Thesis, available on:
http://people.roma2.infn.it/~stringhe/activities.htm
[37] T. Watari and T. Yanagida, Phys. Lett. B 589, 71 (2004)
[arXiv:hep-ph/0402125].
[38] C. Aragone, S. Deser and Z. Yang, Annals Phys. 179, 76
(1987).
[39] X. Bekaert and N. Boulanger, Phys. Lett. B 561, 183
(2003) [arXiv:hep-th/0301243].
[40] N. Boulanger, S. Cnockaert and M. Henneaux, JHEP
0306, 060 (2003) [arXiv:hep-th/0306023].
[41] K. S. Chung, C. W. Han, J. K. Kim and I. G. Koh, Phys.
Rev. D 37, 1079 (1988).
[42] B. de Wit and D. Z. Freedman, Phys. Rev. D 21, 358
(1980).
[43] E. Cartan, “Les Espaces de Finsler” (Paris: Hermann,
1935).
[44] S. Vacaru, P. Stavrinos, E. Gaburov and D. Gonta,
arXiv:gr-qc/0508023.
